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We give a geometrical interpretation of the non-geometric Q and R fluxes. To this end we consider
double field theory in a formulation that is related to the conventional one by a field redefinition
taking the form of a T-duality inversion. The R flux is a tensor under diffeomorphisms and satisfies
a non-trivial Bianchi identity. The Q flux can be viewed as part of a connection that covariantizes
the winding derivatives with respect to diffeomorphisms. We give a higher-dimensional action with
a kinetic term for the R flux and a ‘dual’ Einstein–Hilbert term containing the connection Q.
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String theory is a consistent theory in ten dimensions,
and it is important to understand which four-dimensional
theories it can give rise to. Phenomenologically, the so-
called gauged supergravities are particularly interesting;
the gaugings fix compactification moduli and can allow
de Sitter vacua. Some gauged supergravities can be ob-
tained through flux compactifications of string theory or
its low-energy supergravity limit. For instance, in the
Neveu–Schwarz–Neveu–Schwarz (NS-NS) low-energy ef-
fective action for superstring theory,
S “
ż
dx
?´ge´2φ
„
Rpgq ` 4pBφq2 ´ 1
12
HijkHijk

, (1)
where Hijk “ 3Bribjks is the field strength of the NS-NS
two-form bij , we may give a vacuum expectation value
to this three-form. This results in massive or gauged su-
pergravities in four dimensions. It is known, however,
that there are more gauged supergravities in four dimen-
sions that cannot be obtained through any conventional
(flux) compactification. This is part of the motivation
to consider non-geometric fluxes that are related to the
conventional fluxes via T-duality [1]. The T-duality rules
suggest a chain
Habc Ñ fabc Ñ Qcab Ñ Rabc . (2)
Here, H is the conventional three-form field strength dis-
cussed above, and fabc “ ´2erbmecsnBmena, with the
vielbein em
a, are the so-called ‘geometric fluxes’, which
are related to the Levi-Civita spin connection. The geo-
metrical interpretation of the non-geometric fluxes Q and
R and the formulation of a higher-dimensional action will
be the content of this letter. A more detailed exposition
will appear elsewhere [2].
Recently, some of us have performed a field redefinition
in ten-dimensional supergravity and obtained an action
that captures part of the Q flux [3]. Introducing the field
Eij “ gij ` bij encoding the spacetime metric and the
NS-NS 2-form, this field redefinition takes the form of a
T-duality inversion in all ten directions:
E Ñ E˜ ” E´1 , E˜ ij “ g˜ij ` βij , (3)
where β Ñ ´β compared to [3]. Being the inverse of E ,
E˜ naturally carries upper indices, satisfying E˜ ikEkj “ δij ,
and we have decomposed E˜ ij into its symmetric and anti-
symmetric part. This gives rise to (the inverse of) a new
metric g˜ij and an antisymmetric bivector β
ij . Moreover,
a new dilaton was introduced via
e´2φ
?´g “ e´2φ˜
a
´g˜ , (4)
where g˜ “ det g˜ij . In [3] the simplifying assumption has
been made that βijBj “ 0 when acting on arbitrary fields.
The action (1) then reads in the new variables, up to total
derivatives,
S “
ż
dx
a
´g˜e´2φ˜
„
Rpg˜q ` 4pBφ˜q2 ´ 1
2
|Q|2

, (5)
where
Qm
nk “ Bmβnk . (6)
Being a partial derivative of a bivector, Q is not a tensor,
but it can be checked that its failure to transform co-
variantly becomes irrelevant upon using the simplifying
assumption βijBj “ 0. Let us now relax this assumption
and consider the full field redefinition of (1). We then
find that this gives rise to a new term involving part of
the R flux, which is a tensor, but the role of Q in the full
action is somewhat obscure. In particular, there does not
appear to be a covariant tensor that reduces to (6) upon
using the assumption. We will show in this letter that
the proper geometric interpretation of Q becomes appar-
ent once we consider the field variables g˜ij and β
ij in the
context of double field theory (DFT), where Q will play
the role of a connection rather than a tensor. This allows
us to write a geometric action for Q and R fluxes.
We begin by reviewing DFT, which is an approach to
make T-duality a manifest symmetry by doubling the co-
ordinates at the level of the spacetime action for string
theory [4–6]. (See also earlier work by Siegel and Tseytlin
[7, 8].) In addition to the usual coordinates xi associated
2to momentum modes there are new coordinates x˜i asso-
ciated to winding modes, which combine into a funda-
mental vector XM “ px˜i, xiq under the T-duality group
Op10, 10q. Although the coordinates are formally dou-
bled we have to impose the ‘strong constraint’
ηMNBMBN “ 0 , ηMN “
ˆ
0 1
1 0
˙
, (7)
where ηMN denotes the Op10, 10q invariant metric and
BM “ pB˜i, Biq. This constraint holds on arbitrary fields,
parameters and their products, so that in particular
BiA B˜iB ` B˜iA BiB “ 0 , (8)
for any A,B. This constraint implies that for any so-
lution the fields depend only on half of the coordinates.
The double field theory formulation that is most con-
venient for our present purposes is based on the field
Eij discussed above and a dilaton density d, which is
related to the scalar dilaton φ via the field redefinition
e´2d “ e´2φ?´g [5]. Its action reduces to (1) upon set-
ting B˜i “ 0.
DFT is invariant under a ‘generalized diffeomorphism’
symmetry parametrized by an Op10, 10q vector param-
eter ξM “ pξ˜i, ξiq. For B˜i “ 0 this reduces to conven-
tional general coordinate transformations xi Ñ xi´ξipxq
and b-field gauge transformations parametrized by ξ˜i.
Conversely, keeping B˜i non-zero but setting Bi “ 0, the
gauge transformations of DFT reduce in particular to
general coordinate transformations in the dual coordi-
nates, x˜i Ñ x˜i ´ ξ˜ipx˜q. Prior to solving the strong con-
straint by setting half of the derivatives to zero, the full
ξM gauge symmetry is not manifest in terms of the con-
ventional fields gij and bij . In particular, the ξ
i trans-
formations act non-linearly, and originally the gauge in-
variance has only been verified through a lengthy compu-
tation [5]. Afterwards, a manifestly Op10, 10q invariant
formulation has been found in [6], which linearizes the
gauge transformations in terms of a generalized metric.
This gives rise to a more geometrical formulation which,
employing earlier work by Siegel [7], has been further
developed in [9–11]. The geometrical formulations de-
veloped so far involve Op10, 10q covariant tensors that
combine the metric g and the b-field into a single object.
Here, we will give a formulation in terms of the ‘compo-
nent’ fields g˜, β and φ˜ that makes half of the generalized
diffeomorphisms, those parametrized by ξi, manifest.
In order to illustrate the problem that we would like
to address, consider the DFT action in terms of the re-
defined fields which takes the schematic form
SDFT “
ż
dxdx˜e´2d
´
Rpg˜, Bq `Rpg˜´1, B˜q ` ¨ ¨ ¨
¯
. (9)
Here, the first term denotes the conventional Ricci scalar
R based on the metric g˜ij . Similarly, the second term de-
notes the Ricci scalar with respect to winding derivatives
B˜i. More precisely, the inverse metric g˜ij plays the role
of the usual metric in order to work consistently with the
upper indices of B˜i. The first term is manifestly invari-
ant under general coordinate transformations generated
by ξi. Similarly, the second term is manifestly invariant
under general ‘winding’ coordinate transformations gen-
erated by ξ˜i. In DFT, however, the gauge parameters de-
pend a priori on x and x˜ and so the first term is not invari-
ant under ξ˜i transformations and the second term is not
invariant under ξi transformations. In the following we
will render the diffeomorphism symmetry parametrized
by ξi manifest by introducing a new connection that co-
variantizes the winding derivatives, B˜i Ñ ∇˜i, which will
naturally introduce Q as the antisymmetric part of this
connection.
The action of the diffeomorphisms parametrized by ξi
can be read off from eq. (2.36) of [5],
δξ g˜ij “ Lξ g˜ij , δξβij “ B˜iξj ´ B˜jξi ` Lξβij , (10)
where Lξ denotes the Lie derivative, which acts in the
usual way on tensors,
Lξβ
ij “ ξkBkβij ´ βikBkξj ´ βkjBkξi , (11)
and similarly on objects with an arbitrary index struc-
ture. We call a transformation covariant if it involves
only the Lie derivative, and we denote the non-covariant
part of a variation by ∆ξ ” δξ ´ Lξ, so that from (10)
∆ξ g˜ij “ 0 , ∆ξβij “ B˜iξj ´ B˜jξi . (12)
Let us now develop a tensor calculus for the winding
derivatives but with respect to the ‘momentum’ diffeo-
morphisms generated by ξi. We will define covariant
derivatives and invariant curvatures. We start by con-
sidering a scalar like the dilaton φ˜, whose tilde derivative
transforms as
δξpB˜iφ˜q “ B˜ipξpBpφ˜q “ ξpBppB˜iφ˜q ` B˜iξpBpφ˜ . (13)
In order to bring this into a form that is closer to the Lie
derivative of a vector we add on the right-hand side
´ BpξiB˜pφ˜´ B˜pξiBpφ˜ “ 0 , (14)
which is zero due to the strong constraint (8), and obtain
δξpB˜iφ˜q “ LξpB˜iφ˜q ` pB˜iξp ´ B˜pξiqBpφ˜ . (15)
Thus, B˜iφ˜ does not transform covariantly, but its non-
covariant variation contains the same inhomogeneous
term as the transformation (12) of βij . Therefore, in-
troducing the derivative operator
D˜i ” B˜i ´ βijBj , (16)
we see that D˜iφ˜ is a fully covariant derivative of a scalar.
In the following, the derivative (16) will play the role of
a partial but anholonomic derivative. The D˜i are non-
commuting, and their commutator reads“
D˜i, D˜j
‰ “ ´RijkBk ´QkijD˜k , (17)
3where
Rijk “ 3D˜riβjks “ 3`B˜riβjks ` βpriBpβjks˘ , (18)
and Q is still given by (6). The proof of (17) requires the
strong constraint (8). One may verify, using again (8),
that Rijk transforms covariantly under (10). Thus, (18)
represents the covariant field strength of βij that we will
refer to as R flux in the following and which coincides
with the expression found in [12].
Next, we define derivatives that are covariant when
acting on arbitrary tensors. For a vector V we set
∇˜iV j “ D˜iV j´qΓkijV k , ∇˜iVj “ D˜iVj`qΓjikVk , (19)
and similarly for tensors with an arbitrary number of
upper and lower indices. In order for (19) to transform
covariantly, the connection qΓ needs to transform as
∆ξqΓkij “ ´D˜iBkξj . (20)
We note that the antisymmetric part qΓkrijs does not
transform as a tensor and therefore cannot be set to zero.
In order to express the connection in terms of the physi-
cal fields we impose two covariant constraints. First, we
require the metricity condition
∇˜ig˜jk “ 0 . (21)
This determines the symmetric part qΓkpijq in terms of the
antisymmetric part qΓkrijs and D˜ig˜jk. The antisymmet-
ric part in turn is naturally fixed by requiring that the
commutator of covariant derivatives on a scalar is only
given by the covariant term, involving the R flux,“
∇˜i, ∇˜j
‰
φ˜ “ ´RijkBkφ˜ . (22)
This implies with (17)
qΓkrijs “ ´1
2
Qk
ij . (23)
Thus, Q is given by the antisymmetric part of the con-
nection. The full connection is then
qΓkij “ Γ˜kij ` g˜klg˜ppiQpjql ´ 1
2
Qk
ij , (24)
where
Γ˜k
ij “ 1
2
g˜kl
`
D˜ig˜jl ` D˜j g˜il ´ D˜lg˜ij˘ (25)
are the conventional Christoffel symbols in the winding
coordinates, but with B˜i replaced by D˜i. The R flux (18)
satisfies a Bianchi identity that can be written in terms
of these covariant derivatives as
∇˜
riRjkls “ 0 , (26)
or, explicitly,
4B˜riRjkls ` 4βpriBpRjkls ` 6QprijRklsp “ 0 . (27)
We finally note from (20) that the trace of the connection,
T
i ” qΓkki , (28)
transforms as a tensor,
∆ξT
i “ ∆ξqΓkkj “ ´BkB˜kξj ´ βpkBpBkξj “ 0 , (29)
by the strong constraint and the antisymmetry of β. This
is analogous to the antisymmetric part of the conven-
tional connection, i.e., the torsion tensor. Thus, we can
think of T i as a new torsion, and we stress that it is
non-zero for (24).
Having defined covariant derivatives we next construct
a Riemann tensor through the commutator of covariant
derivatives,“
∇˜i, ∇˜j
‰
Vk “ ´Rijp∇pVk ` qRijkpVp , (30)
where
qRijkp “ D˜iqΓkjp ´ D˜jqΓkip ` qΓkiqqΓqjp ´ qΓkjqqΓqip
`QqijqΓkqp ´Rijq Γpqk . (31)
Here we have used the conventional covariant derivative
for Bi, with Christoffel symbols Γkij based on the metric
g˜ij . As the R flux is fully covariant, the two terms on
the right-hand side of (30) are separately covariant and
therefore (31) defines a covariant curvature. From this
we can define a Ricci tensor in the usual way,
qRij ” qRkikj
“ D˜kqΓkij ´ D˜iqΓkkj ` qΓkijqΓqqk ´ qΓpkiqΓkpj
“ D˜kqΓkij ´ ∇˜iT j ´ qΓqkiqΓkqj ,
(32)
which in general will not be symmetric in i, j. Here,
we used in the third equation that the trace of qΓ yields
the tensor (28) with a well-defined covariant derivative.
Thus, curiously, the Ricci tensor decomposes into two
tensors that are separately covariant. Finally, we can
define a Ricci scalar,
qR “ g˜ij qRij . (33)
We are now ready to give as our main result the full
DFT action for g˜ij , β
ij and φ˜ in terms of the geometrical
quantities defined above,
SDFT “
ż
dxdx˜
a
´g˜ e´2φ˜
”
R` qR´ 1
12
RijkR
ijk
` 4
´
pBφ˜q2 ` pD˜φ˜q2 ` ∇˜iTi ´ T iTi
¯ı
.
(34)
This action is the precise version of the schematic form
(9). It involves a kinetic term for the R flux and two
Einstein–Hilbert terms. The first is the conventional one
for g˜ij based on the usual derivatives Bi. The second
one is based on the winding derivatives but involving the
novel connection (24) including the Q flux. Moreover,
4the new torsion T i is required in order to reproduce the
full DFT. In (34) every term is manifestly invariant under
the diffeomorphisms generated by ξi.
Upon setting D˜i “ 0 and T i “ 0 we recover the sit-
uation analyzed in [3], and the Q2 term in (5) is the
only remnant left of the ‘dual’ Einstein–Hilbert term.
We may also set B˜i “ 0 but keep D˜i “ ´βijBj and T i,
for which (34) reduces to the action obtained from the
standard NS-NS action (1) by performing the field redef-
inition (3) without the simplifying assumption. This ten-
dimensional supergravity action contains the R2 term, in
which the R flux is reduced to the second term in (18).
It also contains Q2 terms and various couplings of β to
dilaton and metric, but its geometric form and invariance
is obscured in absence of the winding derivatives.
On a technical level the action (34) provides an alter-
native formulation of DFT that makes half of the gauge
symmetries, those parametrized by ξi, manifest. The re-
maining gauge symmetries spanned by ξ˜i are hidden in
the formulation (34), but we may return to the original
fields gij and bij and employ the ‘T-dual’ of the geometri-
cal structures discussed here. The R flux is then replaced
by a covariantized H flux,
Hijk “ 3
`Bribjks ` bpriB˜pbjks˘ , (35)
and similarly all other objects result from those intro-
duced here by replacing the fields by the original fields,
sending Bi Ø B˜i and, generally, consistently interchang-
ing upper with lower indices. The resulting action will
then be manifestly invariant under ξ˜i gauge transforma-
tions. Thus, for each half of the gauge transformations
there is a field basis in which this symmetry can be made
manifest. In total this yields an alternative proof of the
full gauge invariance of DFT.
One can perform a Kaluza-Klein reduction of super-
gravity written in the new variables in order to make
contact with the non-geometric fluxes (2) in four dimen-
sions. In practice one would then redefine only the field
components along the internal directions. This indeed
leads to scalar potential terms containing Q and R fluxes
of the required form, but without H flux [2]. The gauged
supergravities thus obtained are, however, not the most
general ones; they contain those related via T-duality
to gaugings without non-geometric fluxes. One purpose
of the field redefinitions in ten dimensions is to obtain
a background solution that is globally well-defined and
leads to a proper Kaluza-Klein reduction, thereby pro-
viding a higher-dimensional origin of gaugings that are
T-dual to geometric ones. Our results are consistent with
the findings of [12, 13] showing that the most general
N “ 4 gauged supergravities in four dimensions result
from DFT only if the strong constraint is relaxed. Re-
cently, mild relaxations of this constraint have been found
to be consistent [14, 15]. In this letter we worked with
the strongly constrained DFT, but we hope that the ge-
ometrical structures found here will provide a guide for
non-geometric compactifications more generally.
Finally, the action constructed here may also be closely
related to the effective action of non-commutative and
non-associative gravity, which describes closed strings on
backgrounds with non-geometric fluxes [16].
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